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History
The first engineering rule concerning beams was published 
by Galileo Galilei in 1638. His rule provided a rough 
estimate of the bending strength of a beam. Although this 
rule was completely incorrect, engineers used it for over 
300 years [1]. They did so primarily because of Galileo’s 
reputation and the clear-cut formulation of his rule. Leibniz 
corrected Galileo’s rule in 1677, but his result was not 
recognised until the 20th century. 

The beam equations used by engineers today were 
developed in the 18th century by several members of the 
Bernoulli family and Leonhard Euler. Although Leonardo 

da Vinci already mentioned the stress distribution in a 
bending beam in his “Codex Madrid I” (1493), Bernoulli 
and Euler had to recalculate the approximations, as 
Da Vinci’s codex was lost until the 20th century. Euler 
published the beam equations in 1750, but their results 
were not widely applied until large steel structures such as 
the Eiffel Tower were built in the second half of the 19th 
century.

The history of thermal stresses starts with the first paper by 
Duhamel in 1835, which was published just after the theory 
of heat was published by Fourier in 1822. Many 
publications on thermo-elasticity followed, but it took until 
1956 before the thermo-elastic beam equations were 
presented by Boley [2]. These expressions were never as 
widely used as the beam equations in mechanics, however. 
Prompted by the precision industry’s growing interest in 
thermo-mechanical analysis [3], DSPE now provides a 
thermo-mechanics database including thermo-mechanical 
beam equations.

Derivation
Beam equations are relatively simple expressions used to 
compute the deflection and rotation of a single beam. Each 
equation corresponds to a set of boundary conditions and a 
single load (see e.g. [4] [5]). Given that the equations are 
linear, the expressions for combined loads can be obtained 
by superposition. Here, we limit ourselves to mechanical 
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Here, E denotes the Young’s modulus.

The mechanical strain is estimated as:

Let us consider a single beam based on the Bernoulli-Euler hypothesis. It is L long, has a cross-
sectional area A and known boundary conditions at both ends of the beam (x = 0 and x = L). The beam 
is subjected to known external axial forces N(x) and moments M(x) defined at the neutral plane of the 
beam (y = 0). In addition, the beam is subjected to a known temperature distribution T(x,y,z). This will 
result in axial displacements u(x) and deflections w(x).  

Following the Duhamel-Neumann law, the total strain in the beam is written as a combination of the 
mechanical strain and thermal strain: 

εxx(x,y,z)= εm(x,y)+εT(x,y,z) (1) 

The mechanical strain is approximated as: 

εm(x,y)=γ(x)+κ(x) y	 (2) 

Here, γ is the axial strain and κ the curvature at the neutral plane of the beam. The linear axial strain is 
defined as: 

γ(x)=
du(x)

dx
	 (3) 

The curvature of the beam is defined as: 

κ(x)=-
d

2
w(x)

dx
2 	 (4) 

The thermal strain for an arbitrary temperature distribution is defined as: 

 εTx,y,z=-α  Tx,y,z-T0 =-α ΔTx,y,z  (5) 

Here, T0 denotes the temperature of the undeformed beam and α denotes the linear coefficient of 
thermal expansion. For linear elastic material, the stress in the beam is:  

σxxx,y,z=E εmx,z+εTx,y,z	 (6) 

Here, E denotes the Young’s modulus. The second term in Equation 6 is called the thermal stress. 
Finally, the equilibrium equations relate to the known external axial forces and moments due to the 
internal axial forces and moments due to stress: 

Nx=  σxxx,y,zdA
A

	 (7) 

Mx=  σxxx,y,zy dA
A

	 (8) 

Combining Equation 1 to 8 and the boundary conditions results in two equations for the two 
unknowns: the axial displacement and the deflection. Consequently, the analytical expressions for both 
the axial displacement and deflection can be found. The analytical expressions of some common cases 
are shown on the next page. For additional information on the solution in three dimensions, the reader 
is referred to [6], and for the solutions of composite or pre-curved beams, solutions are presented in 
[2]. 

Limitations 
The beam equations are used a lot, and unfortunately also misused a lot by crossing the limits of the 
Bernoulli-Euler beam theory. Practical limits to the theory are (see e.g. [5]): 
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loads caused by a known temperature distribution in the 
beam. Therefore, an extra term is added to the stress, which 
contains the effect of thermal expansion. We then present 
the steps required to derive a beam equation subjected to a 
combination of thermal stresses and mechanical loads.

Let us consider a single beam based on the Bernoulli-Euler 
hypothesis. It is L long, has a cross-sectional area A and 
known boundary conditions at both ends of the beam 
(x = 0 and x = L); see Figure 1. The beam is subjected to 
known applied loads and a known temperature distribution 
T(x,y,z). This will result in axial displacements u(x) and 
deflections w(x). 

Limitations
The beam equations are used a lot, and unfortunately also 
misused a lot by crossing the limits of the Bernoulli-Euler 
beam theory. Practical limits to the theory are (see e.g. [5]):
• The material properties are assumed to be linear elastic, 

isotropic, homogeneous and temperature-independent.
• The beam is straight with a uniform cross section, of 

which the geometry (ratio) is limited by L/H > 8 and 
W/H < 2, where L, W and H denote the length, width 
and height of the beam, respectively.

• The stiffness changes due to stress are not taken into 
account, like pre-stress or buckling.

Governing equations
Following the Duhamel-Neumann law, the axial stress 
component in the beam is written as a combination of the 
mechanical stress and thermal stress:

σxx(x,y,z)= E(εm(x,y)–εT(x,y,z)) (1)

1 Definition of the single 
beam under 
consideration.

1
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The common cases presented here are free from applied 
loads. Hence, the external axial forces and moments can 
only contain effects due to the reactions at the boundaries:

N(x)=N0 (12)

M(x)=M0+M0 (13)

Here, N0, M0 and D0 denote the unknown axial force, 
moment and shear force at the ends x = 0, respectively. 
Integrating Equations 10 and 11, after substitution of 
Equations 12 and 13, results in the analytical expressions of 
the axial displacement and the deflection:

Note that the external axial forces and moments include 
both applied loads and reactions at the two ends. 

Combining Equation 1 to 7 and the boundary conditions 
results in two equations for the two unknowns: the axial 
displacement and the deflection. Consequently, the 
analytical expressions for both the axial displacement and 
deflection can be found. The analytical expressions of some 
common cases are shown on the practical cut-out page. For 
additional information on the solution in three dimensions, 
the reader is referred to [6], and for the solutions of 
composite or pre-curved beams, solutions are presented in 
[7].

Common cases
Here, we derive the beam equations for the common cases 
presented on the practical cut-out page step by step. First, 
we substitute Equation 1 to 5 into Equation 6 and 7 to 
obtain the relations between the loads, mechanical and 
thermal, and displacements:

• The material properties are assumed to be linear elastic, isotropic, homogeneous and temperature-
independent. 

• The beam is straight with a uniform cross section, of which the geometry (ratio) is limited by L/H
> 8 and W/H < 2, where L, W and H denote the length, width and height of the beam, respectively. 

• The stiffness changes due to stress are not taken into account, like pre-stress or buckling. 

Example 
We consider a beam with a rectangular cross section A, with W and H denoting the width and height of 
the beam, respectively. The external axial forces and moments are both zero (N = M = 0). In this 
example, we will study the common case presented in the first row of the table on the next page, i.e. 
the boundaries are fixed at the left end (x = 0) and free at the right end (x = L). We will now derive the 
beam equations for this example step by step.  

First, we swap Equation 1 to 6 for Equation 7 and 8 to determine the relationship between the loads, 
both mechanical and thermal, and the displacements:

N(x)=  E du(x)

dx
-

d
2
w(x)

dx
2 y-α ΔT  dA

A
(9) 

M(x)=  E du(x)

dx
-

d
2
w(x)

dx
2 y-α ΔT  y  dA 

A
(10) 

We then incorporate the known external axial forces, moments and temperature distribution. If no 
external mechanical loads and a uniform temperature distribution are found i.e. N(x) = 0, M(x) = 0 and 
∆T(x,y,z) = ∆T, the deflection is zero (w(x) = 0) resulting from Equation 10. Considering the reaction 
forces and moments at the boundaries, Equation 9 can be written as: 

 E
du(x)

dx
  dA

A
=   αE ∆T dA 

A
(11) 

As neither the axial displacement nor the temperature distributions depend on the cross section A in 
this example, Equation 11 results in: 

du(x)

dx
=α ∆T	 (12) 

The expression for the axial displacement is obtained by taking the integral with respect to x on both 
sides of the equation and finding integration constants that comply with the kinematic boundary 
conditions. The stress field is determined by substituting this result in Equation 6. 
When the thermal load case B is considered, i.e. a linear temperature gradient along the length of the 
beam, the axial displacement is obtained in a similar manner. The only difference is that the right-hand 
side of Equation 12 will depend on x instead. 
Thermal load case C is a temperature gradient in the direction of the height of the beam with a 
temperature difference that is zero at the neutral plane of the beam:  

∆Tx,y,z=
∆T
2

y

H
	 (13) 

In contrast to thermal load case A and B, the axial displacement is now zero (u(x) = 0), which follows 
from Equation 9. Hence, this load case results in pure bending. Applying the reaction forces and 
moments at the boundaries, Equation 10 will result in: 

 E
d

2
w(x)

dx
2  y2  dA

A
=-   αE 

∆T
2

y2

H
  dA .

A
(14) 

 (8)
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These relations can be rearranged and separated into three 
terms:
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Here, I denotes the moment of inertia about the z axis. After substitution, Equation 8 and 9 can be 
written as: 
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The common cases presented here are free from applied loads. Hence, the external axial forces and 
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x
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